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Stochastic resonance in a biological motor under complex fluctuations
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The dynamics division approach proposed in this work enables us to handle dynamical equations with
complex fluctuations. A Brownian motor with cyclic conformational changes is analyzed to understand effects
of noise on its signal transduction, and on condition in which stochastic resonance may take place. The result
reproduces several features of the experimental data on the electric activation of ion pumping by Na,
K-ATPase.

DOI: 10.1103/PhysRevE.69.021914 PACS nunier82.39.Fk, 82.39-k, 87.15.Aa

The fabrication of nanometer scale devices has made sigs given by reducing the time intervals of the subdynamics.
nificant stride recently by clever modeling after the biologi- With the Brownian ion pump shown in Fig. 1, the main
cal motors. Examples include the artificial photosyntheticfeatures computed with this approach agree with that of the
membrane using light to transport calcium idig, the mi-  analytical approach using the concept of the intrinsic noise
croscopic propeller attached to an ATPase to drive particlél0], as well as the experimental observations of the Na,
motion [2], and the artificial nanometer pores when stimu-K-ATPase[9](k). These agreements point to the merit of the
lated by electric field transport potassium ions against conpresent approach. Furthermore, our results extend beyond the
centration gradienf3]. The interest in this area accents the Previous studies and reveal conditions in which stochastic
importance of a precise understanding on the fundament&gsonance may take place. These latter results may be subject
principles and mechanisms that operate on the biologicdP future experimental test.
motors. These motors are ubiquitous in the living systems, Na, K-ATPase is a molecular motor, whose mechanism of
for example, the DNA packaging motor, bacteriophag9  action is shown to be consistent with the flashing ratchet
[4], the vesicle transporter, kinedi], the energy transducer [9,11. The enzyme is a transmembrane protein complex,
F, ATPase[6], and the ion pump Na, K-ATPa$6]. which can pump Na, K ions against the concentration

An essential attribute of these motors is that the energg@radients across the cell membrane. In a cell the energy re-
transduction and material transport are accomplished by th@uired for the active transport is derived from the hydrolysis
cyclic conformational changes of the enzyni@®](l). This  of ATP (adenosine triphosphater from the fluctuation of
cyclic motion can be described by a Langevin equationthe transmembrane electric poten{igl(d), [10]. This latter
which in general is nonlinear for a driving force term. Since€ffect provides a convenient system for the theoretical analy-
the fluctuation is considerably large for a nanoscale motor ofis and is of fundamental interest for the future devices in
small inertia] 8], the fluctuation dominates the force term. An
erratic fluctuation in the nonlinear term, however, poses a
difficulty in deriving the Fokker-Planck equation. Therefore,
analytical solution on the probability evolution is hard to

obtain. This difficulty cannot be circumvented even by the EL k, EL
conventional numerical analysis because these methods al oS w2

based on the smoothness of noiseless differential equation: 2

Consequently, the previous study has been limited to the be K K
havior of simple enzyme models under primitive fluctua- 1 Kk Kk .
tions, e.g., the 2- and 4-state models of the ion pufjgn L = 4 L
Fig. 1 under the monochromatic fluctuations in Table I. More

complex systems have rarely been analyzed besides the rt K 4

cent theoretical work of Fulinski and co-workdk0]. How- E :k E

ever, their studies are based on Shapiro’s theory, which is L 4 2
applicable only to the dichotomous noise. The fluctuation® ®

encountered in a living cell is likely to be much more com-
plex, and a deeper understanding of the role of polychro-

matic noises is warranted. FIG. 1. The 4-state kinetic model of a transmembrane enzyme

The approach presented in this work attempt to overcomghotor. The enzyme is depicted by the pacmans with two different
this difficulty. We divide the dynamics of the Langevin equa- opening orientations. The ligand is depicted by the ball. A 2-state
tion into a number of subdynamics of shorter time intervalsmodel is the extreme case whém and k, are much larger or
with constant fluctuation values. The final state of a subdysmaller thark_, andk_,, such that the kinetic model can be sim-
namics is the initial state of the next subdynamics. The noiselified to only two state€L andE.
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TABLE I. Fluctuations used to study Na, K, ion pump, with the allow the enzyme to harvest energy from the applied field
abbreviations: RTRrandom-telegraph fluctuatipnDS (stochastic  [9]. Figure 1 depicts a kinetic model of a transporter. Here
dichotomous signal DN (intrinsic dichotomous noigeand WN  the transporter can assume four conformations with certain
(white noise. kinetic rate constantk;’s that define the probabilities of the
enzyme in different conformations. Suppose the rate con-

References Model Fluctuations Expt. or Theor.  gianisk.’s are time independent and the enzyme, which
[9](a) A-state cOS Expt-Theor. opens to the leftright) hand side of the membrane, prefers to
[9(c) 4-state RTE Expt: Theor. bind the ligand(release the I|gar)QUner cgrtankﬂ and
[9](d) 2_state cos Theor. k. 3. Then the enzyme concent.ranons in Fig. 1 tend to fI_ow
[9)(e A-state oS Expt- Theor. f.ror.n E; (E,L) tq E,;L (E,) and flnally converge to an equi-
[9]f) 4 librium state, with more concentration distributed BpL
-state cos Theor. S

and E,. However, the equilibrium can be broken, when a
[9](g) 4-state Square Theor. f : lied to ch th ¢ tant d activate th
[9l(h) 2-state Square Theor. orce is applied to change the rate constants and activate the
(o) cos. sauare. RTE Exot processes fronE;L (E,) to E,L (E;), which shifts the
[10] 9-stat ' qD$D'N h f ligand across the membrane. After the enzyme releases the
e 4'5 ate COS‘RTF - ec:z‘ ligand (binds a new ligandon the right(left) hand side, the
[91G) -state eotExpt. force is lifted, which drives the enzyme conformations back
[9](k) 4-state RTF, cosWN Expt.

to the original equilibrium state again. A proper force oscil-
lation then generates a clockwise flow, which transports the
ligand from left to right.

nanobiotechnology, such as the recent artificial ion pump The kinetic equation for the concentrations of the four
driven by external field3]. Fulinski and co-worker$10]  conformations in Fig. 1 is a four-dimensional nonautono-
have introduced an intrinsic electric noise, presumably genmous linear dynamical system

erated by the concentration fluctuation of ions near the ion
channel(see also Refl9](b)). This noise is then coupled to
the externally applied electric signal to drive ion pumping. In
the experiment of Tsong and Xi8](k), an externally applied
electric noise is superimposed on an electric signal to drivevith the concentration state
ion transport. Both studies observe stochastic resonance phe-

d
G VO=M@OV(D), ()

nomeng 12]. [EoL]
In these studies theory of electroconformational coupling [E,L]

(TEC) has been cited. The TEC model states that each en- V(t)=

zyme conformation has an electric moment associated with it [Ez]

and a conformational change will produce a change in the [E4]

molar electric momenft9](a). A proper field oscillation will
thus drive an enzyme conformational oscillation. This will and the time dependent

—ksg—k_» ka k_3[L3] 0
kK-> —k_1—k; 0 Ka[L1]
M(t)= :
ks 0 —kg—k_5[L3] K4
0 K1 Kq —k_g—kq[L4]
|
where the sum of the four conformation concentrations in=¢; anda_;=—(1— ;) for certain §; with je{1,2,3,4

V(t) is conserved. The valug¢s ] and[L3] in M(t) denote  [9]. The valuek;'s are positive, time dependent, and can be
the concentrations di on thel left and right hand side of the simplified to the formk; = h,exgdy(t)], characterized by pa-
membrane, respectively, which can be regarded as CO”Sta”Fﬁmetershi , d; and the fluctuations(t). The instantaneous
if the time observed is not too long. The rate constaats  of the transported ligands can be determined] by

the gat consla, the temperaiung, ne affosive chargey  —SLE2L]~K_a[Eal[Ls], which yields the transported
of different enzy}ne conformationé, the transmembranle po‘:’lmomts(t)ZIOJ(t ) dt’. The motor can perform transport

; : : _ hen the averaged fluxJ is nonzero, whereJ
tential ¢(t), the rate constarit; in zero potentialp(t) =0, V_V . > . . R .
and the apportionment constamt, which splits up the total —|IthwS(t)/t orJ=S(r)/7, it 1) is periodic with period
energyq; ¢(t) into two parts, corresponding to forward and 7.
backward chemical processes, and obeys the relaion Figure 2a) shows the concentration evolutions and the
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FIG. 2. (a) The oscillations of different concentratiof&, |
(dotted, [E,] (dash-dotteg [E;L] (thin solid), [E,L] (dashegl
induced byy(t) =sin(wt), and the positive transported amos(t)
across the membrar{ghick solid). (b) The averaged flux vs the
noise leveln under five different amplitudes of sinusoidal signal
with signal frequencyw=10° and o,/0=10°, where A;=0.5,
A,=1, A;=1.4,A,=1.7, andAs=2. The inset shows the signal
amplitude dependence of the averaged fluxithout noise(c) The
averaged fluxJ vs the noise levely under five different signal
frequenciesy’s with signal amplitudeA=1 andw, /=10, where
®1=50, 0,=10, w3;=500, w,=10, and ws=10" The inset
shows the frequency dependence of the averagedJiwithout
noise.

net transported amou®(t) under parameter values:

[ 1 -1 2 -2 3 -3 4 -4
d; cm/V) 0O 0o -2 -3 0 O 4 =2
hi (s'}) 40* 60 25700 12000 70 200 20 10

and [L,]=[L,]=1 cm 2 (h; and h_; have dimension
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FIG. 3. Electric field induced rubidium pumping of Na,
K-ATPase in Ref[12]: flux [amole/hou} vs (a) amplitude of the
RTF with mean frequency 1 kHZp) amplitude of the RTF with
amplitude 20 V/cmjc) noise levely under sinusoidal signal with
amplitude 20 V/cm and frequency 1 kHz. The curves have signal
amplitudes 20, 17.5, 15, 12.5, 10, and 7.5 V/cm from top to bot-
tom.

study on various model®] indicates that an exactly zetb

is uncommon and a transport always occurs when the fluc-
tuation is appropriately selected, which is expected since the
k; values in the cyclic wheel in Fig. 1 are asymmetric in
general. Therefore, the more important issue in the study of
micromotors should not be whether a motor works, but how
does it precisely work under diverse complex fluctuation
sources.

The fluctuationy(t) in a real system usually consist of
different sources, such as a signal combined with the intrin-
sic noise activated by the ion channgl®,13. The follow-
ing study focuses on the concrete examlé) = A sin(wt)
+&(t), with a dominating signaA sin(wt) and a secondary
noise £(t), whereA denotes the signal amplitude. The dy-
namics division approach described in the second paragraph
is applied toy(t) with the step noise, however, only under
two periodically repeating valugs= { + 1} of frequencyw,,,
for the purpose of obtaining a stationalrynder limited time

cm®/s). The valuesl.; andd. 3 are set to zero, because the and computation resource. The noise strength is in the scale
ligand association with and dissociation from the enzyme aref noise level = 7,,s/A with the root mean square,ms

less affected by the fluctuatioi(t). Notably, a nonzerd is

=[§&(t)?dt/ 7, where 7= 1/w, denotes the period of the

nontrivial only when the clockwise and the counterclockwisengise. The simulated results are performed under the ratio

reactions in Fig. 1 are of equal probability, which is genericwn/w: 10° and its stability is confirmed by the convergent
in real enzymes and guaranteed by the detailed balance copsgits under increasing,,/» from 1C° to 10",

dition TT{_ ;h;=TI_h ;.

The dynamical systerl) is dissipative at any instanta-
neous timet, due to the negative gradie™M[M(t)V(t)]
=Ei4:lMii(t)<O. In the absence of the applied figldt),
the value;’s and the matrixM (t) are constant in time. Any
stateV(t) converges to the stable fixed poig of Eq. (1)
with the property E;][L3]/[E>L]=Kk3/k_5, which leads to
the vanishing (t), S(t), andJ. In the presence af(t), the
matrix M (t) is time dependent. A state in E¢l) tends to
converge to the instantaneous fixed pofa{t), however, it
does not stick to any point, because the vector field of(Eq.
never becomes stationary akg@(t) is moving in time. The

The inset in Fig. &) shows the amplitude dependence of
the averaged flud without noise. The optimal signal ampli-
tude A, for the transport is around=1.7. If the signal
amplitude is too large, e.gA>3, the valueJ can be nega-
tive and current reversal can occur. This is similar to the
current reversal phenomena in various ratchet models
Taking five different amplitudes from the inset, the curves of
the fluxJ versusz in Fig. 2(b) indicate the destructive influ-
ence of the noise on the transport in large noise regime, such
as7>1.5, which even induces current reversal. This destruc-
tive role of the noise is intuitive from our experience on the
motors in the macroworld. However, this is not always true

021914-3



C.-H. CHANG AND T. Y. TSONG PHYSICAL REVIEW E69, 021914 (2004

for small noise, e.g.p <0.5, in which the noise is construc- same as the features of the dotted, dashed, and dash-dotted
tive for A<A,, and destructive foA=A,,. Since the curve curves in Fig. 2) in the small noise strength regime, e.g.,
for A=0.5 is still quite flat aty=2, it is unclear whether all %<0.6. However, the decreasing transport efficiency after
amplitudes have current reversal, when the noise strength j&; predicted in Fig. &) as well as the curves in the main

infinitely large. plot of Fig. Zc) are beyond the experimental data and need
The inset in Fig. &) shows the frequency dependence of fyrther investigation.
the averaged flud without noise. The apparent peak indi-  Both the experimental observations and the numerical re-

cates the natural frequeney,,=500, which is the optimal gits calculated by the dynamics division approach lead to
frequency of the system. Taking five frequencies from thesimilar conclusions that the noise is destructive, when the
inset, the fluxJ decreases monotonically, for small frequency(.Jmpmude of the signah is optimal for transport. However,

such asw=50. Other larger frequencies exhibit a bell shape, nyoise of proper amplitude may improve transport efficiency
and imply the stochastic resonance, which can be recognizeg, produce stochastic resonance when the signal is subop-
after replotting the figure to a ratio 6f 7ms Versus7ims, 8 timal. This phenomenon seems to be the same for different
that in Ref.[10]. Similar to the plot in Fig. @), the transport  yinds of noise. This latter observation is not surprising for
efficiencies in Fig. &) decrease for strong noise. However, yhen a noise is weak, it can be regarded as a secondary
different from the plot in Fig. @), the noise in Fig. @) is  perturbation term to the dynamical system, Eb. A slight
constructive for bothw < w,, andw=w,, in the weak noise  change in a perturbation term is much less likely to produce
regime, up to the slow signal such as-50. _ a dramatic change on system dynamics. Finally, we would

_ Similar features as in Figs(1® and Zc) can be found in jike to point out that the result of this study augments that of
Fig. 3, which are measured in the experiment of the rubidiumgy|inski et al. lon concentration fluctuation in the vicinity of
transport across the human red cell membrgi&k). The 51 enzyme can cause fluctuation in transmembrane electric
plot from random-telegraph fluctuatioiRTF) in Figs. 3a) otential, which in turn, may generate conformational fluc-
and 3b) have similar bell shapes as those in the insets of5tion of the transporter.
Figs. 2b) and Zc) under sinusoidal fluctuation. The dotted,
dashed, and dash-dotted curve families in Fig) Bave de- This work was supported by the National Science Council
creasing, increasing, and bell-shaped features, which are thme Taiwan, under Contract No. NSC 90-2112-M-007-067.
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